Within the framework of Dyson-Schwinger equations of QCD, we study the finite volume effects on chiral phase transition, especially its influence on the position of the possible critical end point (CEP). The results show that in the chiral limit case (the current quark mass m = 0), the absolute value of quark condensate decreases for smaller volumes, and more interestingly, the pseudo-critical temperature Tc(µ = 0) also decrease for smaller volumes, which is in agreement with the Polyakovextended-Nambu-Jona-Lasinio model result and opposite to the Polyakov linear sigma model prediction. These conclusions are also true for m > 0 case in our calculation. Moreover, the results of CEP as a function of different volumes show that T of CEP also decreases for smaller volumes, but µ of CEP will increases, which are qualitatively more close to Polyakov linear sigma model results. For our model setup, results for systems with a size larger than (5 fm) 3 closely approximate those from infinite volume, but if the volume is smaller, the corrections are non-negligible, even significantly affect signatures of the results from an infinite system. There also exist some possibility that, if the system size is too small, the whole phase transition would be crossover, which means no CEP exists at all. It is no doubt that, finite volume effects deserve further researches.
I. INTRODUCTION
Quantum ChromoDynamics (QCD), which is the underlying theory of strongly interacting quarks and gluons, is the most important part of the Standard Model of particle physics. However, QCD also shows quite special complexity and nonlinear properties in the low energy field, consequently, two of its most fundamental characters: dynamical chiral symmetry breaking (DCSB) and color confinement, have not been fully understood up to now. DCSB is responsible for about 98% masses of the luminous universe, while color confinement is one of the fundamental puzzles of the nature. Understanding the generation of masses, the reason of color confinement, the phases of QCD at extreme temperatures (about 0.15 GeV ∼ 1.7×10
12 K, which is almost 10 orders of magnitude hotter than the surface of the Earth and still more than 5 orders of magnitude hotter than the center of the Sun! This is supposed to bring us back to the evolution of the early universe within 10 µs after the Big Bang) and/or densities (about 1.6×10
33 Pa ∼ 0.01 GeV/fm 3 ) as well as their transitions are some of the hot topics and great challenges in high energy physics. As for the nature of the QCD phase transitions, a popular scenario favors a crossover (or second order for the chiral limit case, where the current quark mass m=0) at small chemical potential µ, and then a first-order chiral transition * Email: blli@nju.edu.cn † Email: phycui@nju.edu.cn ‡ Email: sunan@nju.edu.cn for larger chemical potential at a critical end point (CEP, or tri-critical point for the chiral limit). The search for the position or even the existence of such a CEP is also one of the main goals for the theoretical and experimental physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . However, it is not yet clarified directly from the first principles of QCD.
On the other hand, the matters we want to describe, which are formed by interacting particles, obviously has a finite volume (size). Finite volume effects also play or may play important roles in systems ranging from the physics of ultracold atom clouds or optical lattices over condensed matter systems, multi-layer systems to heavy-ion collisions where the interaction region is relatively sharply bounded, see Refs. [14] [15] [16] [17] [18] [19] [20] [21] , also a recent review Ref. [22] . For example, the radii of possible quark gluon plasma (QGP) are estimated to be 2 to 10 fm, depending on the size of the colliding nuclei, the center of mass energy, and the centrality of collisions, etc. Lattice QCD (lQCD) calculations (or other theoretical approaches with spacetime discrete), which is thought to be the most reliable non-perturbative QCD method at present, is also related to finite volume effects due to finite number of lattice or grid points. Accordingly, to get a fundamental description of the thermodynamic phases that be created in the experiments, it is imperative to have a clear understanding of the finite volume effects. In general, from statistical physics we know that phase transitions are infinitely sharp only in the thermodynamic limit (namely, the size of the system V → ∞), and only in this limit is the thermodynamical potential or any of its derivatives singular at some critical point. Also, finite size scaling analysis tells us that we can ex-tract the true critical behaviors of infinite systems from calculations about finite systems, by studying how the characteristic quantities vary with the size of the system. Besides some apparent diversity in the underlying structure of systems undergoing phase transitions, there are usually some universal global behaviors, which only depends on the range of interaction and the dimensionality of the related system, which then ensures the singular behaviour of some characteristic observables near criticality identical for different systems if appropriately scaled. The universal behavior is usually characterized by indices named critical exponents [23] .
However, we notice that at present effective model studies of the finite volume effects are not always agree with each other. Among which, let us focus on the behavior of QCD chiral phase transition, especially the position of CEP, where Polyakov linear sigma model (PLSM) and quark-meson model find that CEP is shifted towards higher values of the chemical potential and lower values of the temperature quickly for smaller volumes [24] [25] [26] , while Polyakov-extended-Nambu-JonaLasinio model (PNJL) give a similar result for the temperature of CEP but the corresponding chemical potential is almost stable [27] . More interestingly, for the pseudo-critical temperature T c (µ = 0), PLSM predict that it increase for smaller volumes, but PNJL model gives the opposite result! Based on our experience on studies related to chiral chemical potential µ 5 [28] [29] [30] , namely, the results from Dyson-Schwinger equations (DSEs) [31] [32] [33] [34] are usually have better (at least qualitatively) agreement with lQCD calculations while we should be very careful when using chiral models, we will discuss the finite volume effects to QCD chiral phase transition within DSEs in this work, especially the evolution of CEP. The following of this paper is organized as this: in Sect. II we give a brief introduction to the DSEs at finite temperature and nonzero chemical potential, and with the help of a scalar susceptibility we also discuss the nature of the chiral phase transition; then in Sect. III, we discuss the influences of the finite volume effects on the chiral phase transition, and mostly focus on the behaviours of the CEP; at last, a brief summary is given in Sect. IV.
II. DYSON SCHWINGER EQUATIONS AND QCD CHIRAL PHASE TRANSITION
QCD is asymptotically free, which means the coupling decreases with increasing energy. Two main characteristics of QCD: color confinement and DCSB, are non-perturbative phenomena whose precise understanding continues to be a hot topic of theoretical and experimental researches. Also, the theory toolkit to study QCD matter is quite diverse, thanks to its complexity in low energy region and the rich phenomena it describes. Here we review the basic formula of Dyson-Schwinger equations, which is widely used in the non-perturbative region of QCD. At zero temperature and zero chemical potential, the DSE of the quark propagator reads [31] (we will always work in Euclidean space, and take the number of flavors N f = 2 while the number of colors N c = 3 throughout this paper. Moreover, as we employ a ultra-violet finite model, renormalization is actually unnecessary)
where S(p) −1 is the inverse of the dressed quark propagator (p and q are momenta),
is the inverse of the free quark propagator, g is the coupling constant of strong interaction, D µν (p − q) is the dressed gluon propagator, and Γ ν = Γ ν (p, q) is the dressed quark-gluon vertex. According to the Lorentz structure analysis, we have
where A(p 2 ) and B(p 2 ) are scalar functions of p 2 . Once the gluon propagator and the quark-gluon vertex are specified, this equation can then be solved numerically.
The extension of the above quark DSE to the nonzero temperature and nonzero quark chemical potential version is systematically accomplished by transcription of the quark four-momentum via p → p k = ( p,ω k ), wherẽ ω k = ω k + iµ with ω k = (2k + 1)πT , k ∈ Z Z the fermion Matsubara frequencies, and no new parameters are introduced
where
and denotes
Nevertheless, its solution now should have four independent amplitudes due to the breaking of O(4) symmetry down to O(3) symmetry
where p = γ · p, γ = (γ 1 , γ 2 , γ 3 ), and the four scalar functions F = A, B, C, D are complex and satisfy
Here the dressing function D is power-law suppressed in the ultra-violate region, so that actually does not contribute in all cases investigated in our work. At zero temperature but nonzero chemical potential case, D vanishes exactly since the corresponding tensor structure has the wrong transformation properties under time reversal [35] , so in most cases we can just neglect D, and get the commonly used general structure of the inverse of quark propagator as
(8) For the dressed-gluon propagator, the general form is,
µν are transverse and longitudinal projection operators, respectively. For the domain T < 0.2 GeV that we are concerned in this work, it has been proved that D T = D L is a good approximation. For the in-vacuum interaction, in this work we will adopt the following form of Ansatz [36] ,
which is a simplified version of the famous as well as widely used one in Refs. [37, 38] . It can be proved that this dressed gluon propagator at T = 0 violates the axiom of reflection positivity [39] , and is therefore not observable, in other words, the excitation it describes is confined. The same is true for the dressed quark propagator too. In fact, we can take the gluon propagator as input, and then solve the quark propagator numerically, the results show that there is no singularity on the real, positive, i.e. timelike, p 2 axis, which implies that quarks are indeed confined. For the quark-gluon vertex, we will take the rainbow truncation in this work, which means a simple but symmetry-preserving bare vertex is adopted,
The related parameters, D 0 and σ are usually fixed by fitting some observables: the pion decay constant (f π = 0.095 GeV) and the pion mass (m π = 0.139 GeV). In this work we use D 0 =1.0 GeV 2 and σ = 0.5 GeV. For the current quark mass we will use m=0.005 GeV. Now substituting Eqs. (5), (8), (10) , and (11) into Eq. (4), we can solve the quark DSE for different temperature and chemical potential by means of numerical iteration. As an example, we show B(0,ω 2 0 ) as a function of T for different µ in Fig. 1 . On the other hand, the vacuum of QCD is also difficult to characterize, one possible way is using several non-perturbative objects, such as various susceptibilities, which are the linear responses of the QCD condensate (such as the quark condensate ψ ψ , which is also called as chiral condensate, since it is the order parameter for chiral phase transition in the chiral limit) to various external fields [40] . Here the chiral susceptibility with respect to m, which is defined as
is plotted in Fig. 2 .
) as a function of T for three different µ. It can be seen from Fig. 1 that the scalar function B(0,ω 2 0 ) will decrease when the temperature T increase, this phenomenon holds to be true for the chemical potential µ and momentum p 2 too. It is known that the scalar part B( p 2 ,ω 2 k ) of the quark propagator Eq. (4) in some sense reflects the dressing effect of the quark, so the results show that the dressing effect becomes weaker and weaker for higher T, µ and p 2 . We can also see from 2 ; while for µ higher than µ c , there will appear a sudden discontinuity at some critical T , which indicates there will be a first order phase transi-1 Corresponds to the Nambu (or Nambu-Goldstone) phase, where DCSB and color confinement of quarks and gluons are the key emergent phenomena. 2 The opposite concept to Nambu solution, which corresponds to the Wigner (or Wigner-Weyl) phase, where the chiral symmetry is (partially) restored, and is then related to the theoretically predicted QGP.
tion nearby. To determine the nature of the chiral phase transition, especially the critical values of µ and T , are often determined via various susceptibilities. As we can see from Fig. 2 , for µ ≤ µ c , the susceptibility χ m indicate a crossover from the Nambu phase to the Wigner phase, and the peak will grow higher and higher when µ increase to µ c . At µ c , χ m shows a quite sharp and narrow divergent peak, which demonstrates a second-order phase transition here that corresponds to the CEP. And for µ ≥ µ c , first order phase transition will take place. Based on these results, we can then study the finite volume effects to chiral phase transition, especially the corresponding behavior of CEP.
III. FINITE VOLUME EFFECTS ON THE CHIRAL PHASE TRANSITION
As discussed above, studies of the phase structure of QCD have been a hot topic for decades, while most studies assume an infinite volume of the system. However, it is not obvious that the size of what we concern is large enough to apply the thermodynamic limit. Especially, if the size of the system is small, we then must take the deviations from thermodynamic calculations into account. For instance, the fluctuations of order parameters, induced by the finite volume effects, may lower the critical temperature even change the order of the phase transition. Large fluctuations near phase transitions may also invalidate the mean-field approximation.
To include the effects of finite volume, in principle we should choose proper boundary conditions (anti-periodic for fermions while periodic for bosons), which would lead to an infinite sum over discrete momentum values p i = πn i /R, where i = x, y, z, n i are all positive integers, and R is the lateral size of a cubic volume. Proper effects of surface and curvatures also should be incorporated. In this work we will follow the ideas of Ref. [27] , in which a lower momentum cutoff p min = π/R is used as an approximation, and a few other simplifications: (i) Neglect the surface and curvature effects; (ii) The infinite sum will be replace by an integration over a continuous variation of momentum albeit with the lower cutoff. Notice that DSEs does not need any hard momentum cutoff like PNJL model, the calculations will no doubt be more reliable for small volumes than PNJL model; (iii) We neglect the modifications to the vacuum meanfield parameters due to finite volume effects. The philosophy is to hold the known physics at zero T , zero µ and infinite volume, and treat R as a thermodynamic variable in the same footing as T and µ.
Therefore, any variation due to change in either of these thermodynamic parameters were translated into the changes in the effective masses of quarks, and through them to other quantities.
Here in Fig. 3 , we show the different volume results of chiral condensate as a function of T for the chiral limit case, where µ is fixed to be 0, and obvious second order phase transitions are observed. We see that ψ ψ does have volume dependence: its absolute value decreases for smaller volumes. More interestingly, we find that the pseudo-critical temperature T c (µ = 0) also decrease for smaller volumes, which is in agreement with PNJL model result and opposite to the PLSM prediction. These conclusions hold for m > 0 case in our calculation. Furthermore, the results of CEP as a function of different volumes are given in Fig. 4 , where T of CEP also decreases for smaller volumes, but µ of CEP will increases, which are qualitatively more close to PLSM results. We also notice that, for systems with a size larger than (5 fm) on chiral phase transition is studied within the framework of Dyson-Schwinger equations of QCD in this work, where we mainly discuss the influence on the position and change of the possible CEP. For the chiral limit case (the current quark mass m is taken to be zero, so that we can discuss the exact chiral phase transition), we find that the absolute value of quark condensate decreases for smaller volumes, and the pseudo-critical temperature T c (µ = 0) also decrease for smaller volumes, which is in agreement with the Polyakov-extended-Nambu-Jona-Lasinio model result, but opposite to the Polyakov linear sigma model prediction. We have also checked that these conclusions are also true beyond the chiral limit. Moreover, the results of CEP dependence of different volumes show that T of CEP also decreases for smaller volumes, but µ of CEP will increases, which are qualitatively more close to Polyakov linear sigma model results instead of Polyakovextended-Nambu-Jona-Lasinio model calculation. From our model calculation, it seems that results for systems with a size larger than (5 fm) 3 are closely to those from infinite volume, then the thermodynamic limit will be good approximation; but if the volume is smaller, the corrections are then non-negligible, even significantly affect signatures of the results from an infinite system. Our results also show that there exists some possibility that, if the system size is smaller than some critical value, the whole QCD chiral phase transition would be crossover, which means no first order phase transition will happen, then no CEP would exist at all. It is no doubt that, finite volume effects deserve further researches.
